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ON HOMEOMORPHISMS WITH THE TWO-SIDED LIMIT
SHADOWING PROPERTY
BERNARDO CARVALHO AND DOMINIK KWIETNIAK
Abstract. We prove that the two-sided limit shadowing property is among
the strongest known notions of pseudo-orbit tracing. It implies shadowing,
average shadowing, asymptotic average shadowing and specification properties.
We also introduce a weaker notion that is called two-sided limit shadowing
with a gap and prove that it implies shadowing and transitivity. We show that
those two properties allow to characterize topological transitivity and mixing
in a class of expansive homeomorphisms and hence they characterize transitive
(mixing) shifts of finite type.
1. Introduction
The theory of shadowing has been intensively developed in recent years. It is of
extreme importance in the qualitative study of dynamical systems. Apart of the
now standard shadowing property various variants of this concept were proposed.
These new properties arise from modifications of the notion of pseudo-orbit together
with different definitions of shadowing points. The main property that we consider
in this paper is called two-sided limit shadowing.
Definitions. We say that a double-infinite sequence (xi)i∈Z of points from a metric
space (X, d) is a two-sided limit pseudo-orbit for a homeomorphism f : X → X if
it satisfies
d(f(xi), xi+1)→ 0, |i| → ∞.
A sequence (xi)i∈Z of points from X is two-sided limit shadowed if there exists
y ∈ X satisfying
d(f i(y), xi)→ 0, |i| → ∞.
In this situation we also say that y two-sided limit shadows (xi)i∈Z with respect
to f . Finally, we say that f has the two-sided limit shadowing property if every
two-sided limit pseudo-orbit is two-sided limit shadowed.
This notion was explored by the first author in [3] where he proved that the
two-sided limit shadowing property is related with a well known open problem
asking whether every Anosov diffeomorphism is transitive. In fact, for Anosov
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diffeomorphisms on a differentiable manifold two-sided limit shadowing is equivalent
to transitivity. In this paper we study this interesting property in detail. To this
end we find it convenient to generalize this notion and introduce a strictly weaker
property which we call two-sided limit shadowing with a gap.
Definitions. We say that a sequence (xi)i∈Z is two-sided limit shadowed with gap
K ∈ Z for f if there exists a point y ∈ X satisfying
d(f i(y), xi)→ 0, i→ −∞,
d(fK+i(y), xi)→ 0 i→∞.
For N ∈ N0 we say that f has the two-sided limit shadowing property with gap N if
every two-sided limit pseudo-orbit of f is two sided limit shadowed with gap K ∈ Z
with |K| ≤ N . We also say that f has the two-sided limit shadowing property with
a gap if such an N ∈ N exists.
It is obvious that the two-sided limit shadowing property with gap 0 is equivalent
to the notion of two-sided limit shadowing defined above. It is also obvious that two-
sided limit shadowing implies two-sided limit shadowing with a gap. Our results
show that the two-sided limit shadowing property is the strongest among many
existing variants of pseudo-orbit tracing properties. We prove that two-sided limit
shadowing with a gap implies shadowing and transitivity, and gap 0 implies even
the specification property (Theorems A and B below). Combining this with results
of [8] we conclude that many shadowing properties follow from two-sided limit
shadowing.
We show that the two-sided limit shadowing property with a gap may be strictly
weaker than gap 0. To this end we show that a two-point cycle is an example of
a system which has the two-sided limit shadowing property with gap 1 but do not
have the two-sided limit shadowing property. Moreover, it follows from our results
on expansive homeomorphism that for each N ∈ N there are examples of shifts of
finite type with the two-sided limit shadowing property with gap N , which do not
posses this property with a smaller gap.
Next we characterize the two-sided limit shadowing property with a gap for
expansive homeomorphisms. We prove that for a transitive and expansive homeo-
morphism, shadowing, limit shadowing and two-sided limit shadowing with a gap
are all equivalent (Theorem C). It follows that for expansive homeomorphisms two-
sided limit shadowing with a gap is equivalent to shadowing and transitivity, while
gap 0 is equivalent to topological mixing (Theorem D). As a corollary we extend
the main result of [3] to topologically Anosov homeomorphisms (Theorem 4.2). We
also obtain a variant of Walters theorem from [13] (see also [1, Theorem 2.3.18])
characterizing shifts of finite type as the shift spaces with shadowing. We show in
Theorem E that a shift space X ⊂ AZ over a finite alphabet A has the two-sided
limit shadowing property with a gap if and only if X is a transitive subshift of finite
type. Moreover, gap 0 is in this situation equivalent to topological mixing of X. At
the end we prove some lemmas which imply that there are systems with two-sided
limit shadowing outside the class of expansive homeomorphisms.
2. Preliminaries
Through this paper (X, d) is a compact metric space and f : X → X is a home-
omorphism. By N we denote the set of positive integers and N0 = N ∪ {0}.
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Definitions (Pseudo-orbits and shadowing). Let I ⊂ Z be a nonempty set of
consecutive integers. We say that a sequence (xi)i∈I ⊂ X is a δ-pseudo-orbit (for
f) if it satisfies
d(f(xi), xi+1) < δ, for all i such that i, i+ 1 ∈ I.
We call a pseudo-orbit finite (positive, negative, two-sided, respectively) if I is finite
(I = N0, I = −N0, I = Z, respectively). A sequence {xi}i∈I ⊂ X is ε-shadowed
(with respect to f)1 if there exists y ∈ X satisfying
d(f i(y), xi) < ε, for all i ∈ I.
We say that f has the shadowing property if for every ε > 0 there exists δ > 0 such
that every two-sided δ-pseudo-orbit is ε-shadowed.
In our setting one may replace two-sided by one-sided or by finite in the definition
of shadowing without altering the notion. Excellent references for the shadowing
property are Pilyugin’s book [12] and Aoki and Hiraide’s monograph [1]. There are
many variants of this property following the same schema: we define a notion of
pseudo-orbit, then we introduce a concept of tracing, and we define a new notion
of shadowing by demanding that each pseudo-orbit is traced in our new sense. We
refer the reader to [7] for an unified approach to shadowing properties.
We will need the limit shadowing property introduced by Eirola, Nevanlinna and
Pilyugin in [5].
Definitions (Limit shadowing). We say that (xi)i∈N0 is a limit pseudo-orbit (for
f) if it satisfies
d(f(xi), xi+1)→ 0, i→∞.
A sequence {xi}i∈N0 is limit-shadowed if there exists y ∈ X such that
d(f i(y), xi)→ 0, i→∞.
We say that f has the limit shadowing property if every limit pseudo-orbit is limit-
shadowed.
The following lemma is obvious. We record it for further reference.
2.1. Lemma. If a homomorphism f has the two-sided limit shadowing property
with a gap, then f and f−1 have limit shadowing.
We will see later on that even if f and f−1 have limit shadowing, then f need
not to have two-sided limit shadowing.
Definitions (Topological transitivity and mixing). We say that f is transitive if
given any pair (U, V ) of nonempty open subsets of X there exists N ∈ N such that
fN (U)∩V 6= ∅. A map f is topologically mixing if for every pair (U, V ) of nonempty
open subsets of X there exists N ∈ N such that fn(U) ∩ V 6= ∅ for all n ≥ N .
In our setting transitivity is equivalent to the existence of a point x ∈ X such that
its future orbit {fn(x);n ∈ N} is dense in X. It is proved in [3] that an Anosov
diffeomorphism is transitive if and only if it has the two-sided limit shadowing
property.
1From now on we omit references to f when it is clear from the context which f we have in
mind.
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Definitions (Specification). Let τ = {I1, . . . , Im} be a finite collection of disjoint
finite subsets of consecutive integers, Ii = [ai, bi] ∩ Z for some ai, bi ∈ Z, with
a1 ≤ b1 < a2 ≤ b2 < . . . < am ≤ bm.
Let a map P :
⋃m
i=1 Ii → X be such that for each I ∈ τ and t1, t2 ∈ I we have
f t2−t1(P (t1)) = P (t2).
We call a pair (τ, P ) a specification. We say that the specification S = (τ, P ) is
L-spaced if ai+1 ≥ bi + L for all i ∈ {1, . . . ,m− 1}. Moreover, S is ε-shadowed by
y ∈ X for f if
d(fn(y), P (n)) < ε for every n ∈
m⋃
i=1
Ii.
We say that a homeomorphism f : X → X has the specification property if for every
ε > 0 there exists L ∈ N such that every L-spaced specification is ε-shadowed. We
say that f has the periodic specification property if for every ε > 0 there exists
L ∈ N such that every L-spaced specification is ε-shadowed by a periodic point y
such that f bm+L(y) = y. It is well known (see [4]) that homeomorphisms with the
specification property are topologically mixing.
3. Consequences of the two-sided limit shadowing property
We prove that the two-sided limit shadowing property is the strongest one among
many shadowing properties considered in the literature. The first lemma is an easy
consequence of the two-sided limit shadowing property with a gap and generalizes
Lemma 2.4 in [3]. For x ∈ X we define the stable set of x as the set of all points
forward asymptotic to x, that is,
W s(x) = {y ∈ X : lim
n→∞ d(f
n(y), fn(x)) = 0}.
Similarly, the unstable set of x is the set
Wu(x) = {y ∈ X : lim
n→∞ d(f
−n(y), f−n(x)) = 0}.
3.1. Lemma. If a homeomorphism f of a compact metric space X has the two-sided
limit shadowing property with gap N , then for every x, y ∈ X there is an integer
K, with |K| ≤ N , satisfying
W s(f−K(x)) ∩Wu(y) 6= ∅.
Proof. Take any x, y ∈ X. Consider the following sequence:
zn =
{
fn(y), for n < 0,
fn(x), for n ≥ 0.
It is obvious that (zn)n∈Z is a two-sided limit pseudo-orbit. Then there exist z¯ ∈ X
and K ∈ {−N, . . . , N} satisfying
d(fn(z¯), fn(y))→ 0, n→ −∞, and d(fK+n(z), fn(x))→ 0, n→∞.
This implies that z¯ ∈Wu(y) and fK(z¯) ∈W s(x). So z¯ ∈W s(f−K(x))∩Wu(y). 
Now we prove that the two-sided limit shadowing property with a gap implies
chain-transitivity. Recall that we say that f is chain-transitive if for every δ > 0
and every pair of points (x, y) in X ×X there are n > 0 and a finite δ-pseudo-orbit
(zi)
n
i=0 such that z0 = x and zn = y.
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3.2. Lemma. If a homeomorphism f of a compact metric space X has the two-sided
limit shadowing property with gap N , then f is chain-transitive.
Proof. Let x, y ∈ X. We want to find a δ-pseudo-orbit starting at x and ending
at y for any δ > 0. Consider the omega-limit set of x and the alpha-limit set
of y, denoted by ω(x) and α(y), respectively. Choose z1 ∈ ω(x) and z2 ∈ α(y).
Lemma 3.1 assures the existence of an integer K ∈ {−N, . . . , N} and a point
z ∈Wu(z1) ∩W s(f−K(z2)). Thus there exists M ∈ N such that M > N and
d(f−M (z), f−M (z1)) <
δ
2
and d(fM (z), fM−K(z2)) <
δ
2
.
Since ω(x) and α(y) are compact and invariant subsets of X we have f−M (z1) ∈
ω(x) and fM−K(z2) ∈ α(y). Then we can choose positive integers M1 and M2 such
that
d(fM1(x), f−M (z1)) <
δ
2
and d(f−M2(y), fM−K(z2)) <
δ
2
.
Thus
d(fM1(x), f−M (z)) < δ and d(f−M2(y), fM (z)) < δ.
Now consider the following sequence
xn =

fn(x), for n = 0, . . . ,M1 − 1,
fn−M1(f−N (z)), for n = M1, . . . ,M1 + 2M − 1,
fn−(M1+2M)(f−M2(y)), for n = M1 + 2M, . . . ,M1 + 2M +M2.
Elements of this sequence are ordered as follows:
x, f(x), . . . , fM1−1(x), f−M (z), f−M+1(z), . . . , fM−1(z), f−M2(y), . . . , y.
It is clear that (xn)
M1+2N+M2
n=0 is a finite δ-pseudo-orbit connecting x to y. Since
this can be done for any δ > 0 we conclude the proof. 
The proof of the next lemma is an easy exercise, hence we omit it.
3.3. Lemma. If a continuous map f : X → X on a compact metric space is chain-
transitive and has the shadowing property, then f is transitive.
In a joint work of Kulczycki, Oprocha and the second author of this paper [8] it
is proved that shadowing follows from chain-transitivity and the limit shadowing
property. Following [8] we present a simple proof of this fact for completeness.
3.4. Theorem ([8, Theorem 7.3]). If a continuous map f : X → X on a compact
metric space is chain-transitive and has the limit shadowing property, then it has
the shadowing property.
Proof. Aiming for a contradiction, suppose that f does not have shadowing. Hence
there is ε > 0 such that for any n > 0 there is a finite 1n -pseudo-orbit αn which
cannot be ε-shadowed by any point in X. Using chain transitivity, for every n there
exists a 1n -pseudo-orbit βn such that the concatenated sequence αnβnαn+1 forms a
finite 1n -pseudo-orbit. Then the infinite concatenation
α1β1α2β2α3β3 . . .
is a limit pseudo orbit denoted by (xj)
∞
j=0. By limit shadowing, it is limit shadowed
by some point z ∈ X. Hence, starting at some index N > 0, the point fN (z) also
ε-shadows the limit pseudo orbit (xj)
∞
j=N . But this means that there is a finite
6 BERNARDO CARVALHO AND DOMINIK KWIETNIAK
pseudo-orbit αn which is ε-shadowed by some point of the form f
i(z), which is a
contradiction. 
Now we are ready to prove our first main result.
Theorem A. If a homeomorphism f of a compact metric space X has the two-
sided limit shadowing property with a gap, then it is transitive and has the shadowing
property.
Proof. By Lemma 2.1 f has the limit shadowing property. Also, Lemma 3.2 says
that f is chain-transitive. Then Theorem 3.4 together with Lemma 3.3 concludes
the proof. 
Toward proving Theorem B we recall some definitions and a result from [8].
Definitions (Average shadowing). We say that {xi}i∈N0 is a δ-average-pseudo-
orbit if there is an integer N = N(δ) ∈ N such that for every n ≥ N and k ≥ 0 it
holds
1
n
n−1∑
i=0
d(f(xi+k)), xi+k+1) < δ.
We say that {xi}i∈N0 is ε-shadowed in average if there exists y ∈ X satisfying
lim sup
n→∞
1
n
n−1∑
i=0
d(f i(y), xi) < ε.
We say that f has the average shadowing property if for every ε > 0 there exists δ >
0 such that every δ-average-pseudo-orbit is ε-shadowed in average. This property
was introduced by Blank in [2] and explored further by Zhang in [15].
Definitions (Asymptotic average shadowing). We say that {xi}i∈N0 is an asymp-
totic average-pseudo-orbit if it satisfies
1
n
n−1∑
i=0
d(f(xi)), xi+1)→ 0, n→∞.
We say that {xi}i∈N0 is asymptotically shadowed in average if there exists y ∈ X
satisfying
1
n
n−1∑
i=0
d(f i(y), xi)→ 0, n→∞.
We say that f has the asymptotic average shadowing property if every asymptotic-
average-pseudo-orbit is asymptotically shadowed in average. This property was
introduced by Gu and Xia in [6].
3.5. Theorem ([8, Theorem 3.8]). If f : X → X is a homeomorphism with the
shadowing property then the following conditions are equivalent:
(1) f is totally transitive, i.e., fn is transitive for every n ∈ N;
(2) f is topologically mixing;
(3) f has the average shadowing property;
(4) f has the asymptotic average shadowing property;
(5) f has the specification property.
Since two-sided limit shadowing implies shadowing and transitivity, above The-
orem reduces the proof of Theorem B to the following:
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3.6. Lemma. If a homeomorphism f : X → X has the two-sided limit shadowing
property, then fn also has the two-sided limit shadowing property for every n ∈
Z \ {0}.
Proof. Fix n ∈ Z \ {0}. Let (xi)i∈Z be a two-sided limit pseudo-orbit for fn. Then
the sequence (yj)j∈Z defined by
yk =
{
xi, if k = in for some i ∈ Z,
fk−in(xi), if in < k < (i+ 1)n for some i ∈ Z.
is a two-sided limit pseudo-orbit for f . Then it is two-sided limit shadowed for f
by a point z ∈ X. Hence the sequence (xi)i∈Z is two-sided limit shadowed by the
fn-orbit of z. This concludes the proof. 
Theorem B. If a homeomorphism of a compact metric space has the two-sided
limit shadowing property then it is topologically mixing and has specification, aver-
age shadowing and asymptotic average shadowing.
Proof. Since two-sided limit shadowing implies transitivity, Lemma 3.6 implies that
f is totally transitive. Since it also implies shadowing, Theorem 3.5 concludes the
proof. 
As a consequence of Theorem B we know that any homeomorphism with the
two-sided limit shadowing property has all features of systems with the specification
property, and these are numerous (see Chapter 21 of [4] for details). For example
by Proposition 21.6 in [4] we obtain that f has positive topological entropy. We
note that this also implies that there are no homeomorphisms with the two-sided
limit shadowing property on the unit interval or the unit circle since there are no
homeomorphism with positive topological entropy on them (see [14] Lemmas 7.14
and 7.14.1).
Finally we exhibit a simple example of a homeomorphism on a compact metric
space which has the two-sided limit shadowing property with a gap but does not
have the two-sided limit shadowing property.
Example. Consider X = {a, b} and define f : X → X by f(a) = b and f(b) = a.
It is easy to see that f is a homeomorphism which is not topologically mixing, so
Theorem B shows that f does not have the two-sided limit shadowing property.
We claim that f has the two-sided limit shadowing property with gap 1. For each
limit pseudo-orbit (xn)n∈N there exists N ∈ N such that xN+k = a if k is even
and xN+k = b if k is odd. So for each two-sided limit pseudo-orbit (xn)n∈Z there
exist N1, N2 ∈ N such that xN1+k = a, x−N2−k = a if k is even and xN1+k = b,
x−N2−k = b if k is odd. It follows that if N1 = N2 mod 2 then either a or b two-
sided limit shadows (xn)n∈Z. Otherwise, (if N1 = N2 + 1 mod 2) neither a, nor b
two-sided limit shadows (xn)n∈Z, but it is easy to check that one of them two-sided
limit shadows (xn)n∈Z with gap 1. Hence f has the two-sided limit shadowing with
gap 1.
The above example also shows that topologically mixing is not necessary for
the two-sided limit shadowing property with a gap, and the same holds for the
average shadowing, asymptotic average shadowing and specification properties. We
proved that f as above has the two-sided limit shadowing property with gap 1, but
obviously f2 does not, so an analog of Lemma 3.6 for two-sided limit shadowing
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with a gap is not true. In view of all results of this section the following question
seems natural:
3.7. Question. Does every homeomorphism with shadowing and specification prop-
erties have the two-sided limit shadowing property?
4. Two-sided limit shadowing for expansive homeomorphisms
Recall that a homeomorphism f : X → X is expansive if there exists a constant
ε > 0 (called expansivity constant) such that if x, y ∈ X satisfy d(fn(x), fn(y)) ≤ ε
for every n ∈ Z, then x = y. The first author of this paper in [3, Lemma 2.2]
answered question 3.7 assuming that f is expansive:
4.1. Lemma ([3]). Every expansive homeomorphism f : X → X with the shadowing
and specification properties has the two-sided limit shadowing property.
In this section we extend Lemma 4.1, and at the same time we extend Corollary
7.5 of [8] (in case of homeomorphisms) and the main Theorem of [9] (note that the
definition of limit shadowing in the former is different than here, but these notions
are equivalent thanks to [8, Theorem 7.5], where limit shadowing of [9] appears as
s-limit shadowing).
Theorem C. Let f be a transitive and expansive homeomorphism of a compact
metric space X. Then the following are equivalent:
(1) f has the shadowing property
(2) f has the limit shadowing property
(3) f has the two-sided limit shadowing property with a gap.
Proof. The equivalence of (1) and (2) follows from Corollary 7.5 of [8]. The impli-
cation from (3) to (1) is proved in Theorem A. It remains to prove that shadowing
and transitivity implies two-sided limit shadowing with a gap for expansive home-
omorphisms. It follows from the Spectral Decomposition Theorem ([1, Theorem
3.1.11]) for topologically Anosov maps that there exists an integer N such that X
can be written as a disjoint union, X = B0 ∪ . . . ∪ BN−1 of non-empty closed sets
satisfying
f(Bi) = B(i+1) mod N for i = 0, . . . , N − 1,
and such that fN |Bi : Bi → Bi is topologically mixing (hence has the specification
property) for each i. Note that this happens because f is transitive, so it has
only one chain-recurrent class. We claim that f has the two-sided limit shadowing
property with gap N − 1. Let (xn)n∈Z be a two-sided limit pseudo-orbit for f . It
is easy to see that there exists positive integers L1, L2 ∈ N such that
xL1+k ∈ Bk mod N and x−L2−k ∈ B(−k) mod N for each k ≥ 0.
Let K = (L1 +L2) mod N . Take any n0 ∈ N such that (−L2) mod N +Nn0 ≥ L1.
It follows that
fK(x(−L2) mod N+Nn) ∈ B0 for n > n0.
Let p1, . . . , pn0 be any points in B0. Then the sequence (yn)n∈Z defined by
yn =

x(−L2 mod N)+Nn, for n ≤ 0,
pn, for 1 ≤ n ≤ n0,
fK(x(−L2) mod N+Nn) for n > n0,
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is a two-sided limit pseudo-orbit for fN contained in B0. By Lemma 4.1 f
N re-
stricted to B0 has the two-sided limit shadowing property, since f
N |B0 has both
shadowing and specification. Therefore (yn)n∈Z is two-sided limit shadowed for fN
by a point z ∈ B0. It implies that f−K(z) limit shadows for fN the limit pseudo-
orbit (f−K(yn))∞n=0 (this is a limit pseudo-orbit with respect to f
N ). For n > n0
we have x(−L2) mod N+Nn = f
−K(yn). Hence the sequence (xn)n∈Z is two-sided
limit shadowed for f with gap K by the point z ∈ X since uniform continuity of f
and two-sided limit shadowing for fN clearly imply
d(f i(z), xi)→ 0, i→ −∞,
d(f−K+i(z), xi)→ 0 i→∞.
This concludes the proof. 
Now we characterize the two-sided limit shadowing property and the two-sided
limit shadowing property with a gap for expansive homeomorphisms:
Theorem D. Let f be an expansive homeomorphism of a compact metric space X.
Then
(1) f is transitive and has the shadowing property if and only if f has the
two-sided limit shadowing property with a gap;
(2) f is topologically mixing and has the shadowing property if and only if f
has the two-sided limit shadowing property.
Proof. By Theorem A we know that the two-sided limit shadowing property with
a gap implies shadowing and transitivity. The converse under additional assump-
tion of expansivity follows from Theorem C. This concludes the proof of the first
equivalence. The second equivalence follows from Lemma 4.1 (noting that topolog-
ically mixing expansive homeomorphisms with shadowing have specification, see [1,
Theorem 11.5.13]) and from Theorem B. 
By the Spectral Decomposition Theorem ([1, Theorem 3.1.11]), an expansive
homeomorphism of a compact and connected metric space with the shadowing
property is topologically mixing if and only if it is transitive. Hence we have the
following corollary.
4.2. Theorem. If f is an expansive homeomorphism of a compact and connected
metric space X, then the following are equivalent:
(1) f is transitive and has the shadowing property;
(2) f is topologically mixing and has the shadowing property;
(3) f has the two-sided limit shadowing property with a gap;
(4) f has the two-sided limit shadowing property.
A well known result of Walters [13] (see also [1, Theorem 2.3.18]) characterizes
invertible shifts of finite type as the shift space with the shadowing property. Using
this theorem and our Theorem D we obtain characterizations of transitive and
topologically mixing shifts of finite type in terms of two-sided limit shadowing
properties.
Theorem E. Let X be a shift space. Then
(1) X is a transitive shift of finite type if and only if σ : X → X has the two-
sided limit shadowing property with a gap;
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(2) X is topologically mixing shift of finite type if and only if σ : X → X has
the two-sided limit shadowing property.
5. Examples
In this section we prove two results which will allow us to provide examples of
homeomorphisms with the two-sided shadowing property
(1) which are non-expansive;
(2) without the periodic specification property.
Definitions (Shift spaces). For any compact metric space (X, d) we consider XZ
the product of countable many copies of X with the Tichonov (product) topology.
Points in XZ are sequences (xn)n∈Z whose all coordinates belong to X. We define
a map σ : XZ → XZ by
σ((xn)n∈Z) = (xn+1)n∈Z.
This map is called the shift map. It is easily seen that σ is a homeomorphism of
a compact space XZ. A special case of this construction is a full r-shift Ωr = XZ,
where r ∈ N and X = Λr = {0, 1, . . . , r − 1} is equipped with discrete metric.
Any σ-invariant and closed subset of Ωr is a shift space. A shift space Z ⊂ Ωr
is a subshift of finite type if there exists N and a subset L of ∏Ni=0 Λr such that
x = (xn)n∈Z ∈ Z if and only if xjxj+1 . . . xj+N ∈ L for every j ∈ Z.
We prove the following:
5.1. Theorem. For every compact metric space X the shift map σ : XZ → XZ has
the two-sided limit shadowing property.
Proof. As two sided limit shadowing does not depend on the choice of metric for
the space we can pick any equivalent metric for XZ. We equip XZ with the metric
D defined for x = (xj)j∈Z, y = (yj)j∈Z ∈ XZ by
D(x, y) = sup
j∈Z
d(x(j), y(j))
2|j|
,
where d is any metric for X such that diamX ≤ 1. Let {x(n)}n∈Z be any two-sided
limit pseudo-orbit for σ. It follows that for every p ≥ 1 there is Np such that
D(σ(x(m)), x(m+1)) ≤ 2−p−1 for all |m| ≥ Np. It implies that for m as before and
for each j ∈ Z we have
(1)
1
2p+1
≥ D(σ(x(m)), x(m+1)) ≥ 1
2|j|
d(x
(m)
j+1, x
(m+1)
j ).
Define a point x ∈ XZ by xj = x(j)0 for j ∈ Z, in other words
x = (. . . , x
(−1)
0 , x
(0)
0 , x
(1)
0 . . .)
We claim that x two-sided asymptotically traces {x(n)}n∈Z. To see this, note first
that
σm(x)k = x
(m+k)
0 for all k,m ∈ Z.
On the other hand
D(σm(x), x(m)) = sup
j∈Z
1
2|j|
d(σm(x)j , x
(m)
j ) = sup
j∈Z
1
2|j|
d(x
(m+j)
0 , x
(m)
j ).
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By the triangle inequality for all m ∈ Z and k positive
d(x
(m+k)
0 , x
(m)
k ) ≤
k−1∑
j=0
d(x
(m+k−j)
j , x
(m+k−j−1)
j+1 ) =
= d(x
(m+k)
0 , x
(m+k−1)
1 ) + d(x
(m+k−1)
1 , x
(m+k−2)
2 ) + . . .+ d(x
(m+1)
k−1 , x
(m)
k ).
Similarly, for k negative
d(x
(m+k)
0 , x
(m)
k ) ≤
|k|−1∑
j=0
d(x
(m+k+j)
−j , x
(m+k+j+1)
−j−1 ) =
= d(x
(m+k)
0 , x
(m+k+1)
−1 ) + d(x
(m+k+1)
−1 , x
(m+k+2)
−2 ) + . . .+ d(x
(m−1)
k+1 , x
(m)
k ).
If m > Np, k > 0 and 0 ≤ j < k, then we may apply (1) and obtain
d(x
(m+k−j)
j , x
(m+k−j−1)
j+1 ) ≤
2|j|
2p+1
.
In particular,
k−1∑
j=0
d(x
(m+k−j)
j , x
(m+k−j−1)
j+1 ) ≤
1 + 2 + . . .+ 2k−1
2p+1
≤ 2
k
2p+1
If m < −Np, k < 0 and 0 ≤ j ≤ |k| − 1, then we may apply (1) and obtain
d(x
(m+k+j)
−j , x
(m+k+j+1)
−j−1 ) ≤
2j+1
2p+1
.
In particular,
|k|−1∑
j=0
d(x
(m+k+j)
−j , x
(m+k+j+1)
−j−1 ) ≤
2 + 22 + . . .+ 2|k|
2p+1
≤ 2
|k|
2p
.
Hence D(σm(x), x(m)) ≤ 2−p for |m| ≥ Np, and the proof is finished. 
It follows from theorem above and Theorem B that for every compact metric
space X the shift map σ : XZ → XZ has specification and shadowing. But if the
topological dimension of X is non-zero, then no homeomorphism of XZ can be
expansive by [1, Theorem 2.3.13] (this is a corollary to a theorem of Man˜e [11]
(see also [1, Theorem 2.2.40]), which states that if f : X → X is an expansive
homeomorphism of a compact metric space, then the topological dimension of X is
finite). Hence we obtain the following:
5.2. Corollary. There exists a non-expansive homeomorphism with the two-sided
limit shadowing property.
5.3. Theorem. Assume that for each n ∈ N we have a compact metric space Xn and
a homeomorphism fn : Xn → Xn with the two-sided limit shadowing property. Let
X =
∏
n∈NXn be the product metric space and F : X → X be the homeomorphism
given by
F (x1, x2, x3, . . .) = (f1(x1), f2(x2), f3(x3), . . .).
Then F has the two-sided limit shadowing property.
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0
2
1
3
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4
Figure 1. A graph presenting the shift space X(3,4), given by the
set L = {01, 12, 20, 03, 34, 45, 50}.
Proof. We equip X with the metric D defined for x = (xn)n∈N, y = (yn)n∈N ∈ X
by
D(x, y) = sup
n∈N
dn(xn, yn)
2n
,
where dn is any metric for Xn such that the diameter of Xn with respect to dn
fulfills diamXn ≤ 1. It is then easy to see that if (x(j))j∈Z is a two-sided limit
pseudo-orbit for F , then for each n ∈ N the sequence (x(j)n )j∈Z is a two-sided limit
pseudo-orbit for fn. Let yn be a point which two-sided limit shadows (x
(j)
n )j∈Z with
respect to fn. It is again easy to see that (y1, y2, y3, . . .) two-sided limit shadows
(x(j))j∈Z for F . 
Let p and q be relatively prime integers. Set r = p + q − 1. Define a shift of
finite type X(p,q) ⊂ Ωr by specifying
L = {01, 12, . . . , (p− 2)(p− 1), (p− 1)0,
0p, p(p+ 1), . . . , (p+ q − 2)(p+ q − 1), (p+ q − 1)0}.
In other words, X(p,q) consists of sequences of vertices visited during a bi-infinite
walk on the directed graph with two loops: one of length p with vertices labelled
0, . . . , p−1 and one of length q with vertices labelled 0, p, p+ 1, . . . , p+ q−2. Since
the graph is connected and has two cycles with relatively prime lengths it presents
a topologically mixing shift of finite type (for details see [10]). Moreover, this
shift of finite type does not have any periodic point with primary period smaller
than min{p, q}. Let (pj)∞j=1 be a strictly increasing sequence of prime numbers.
Let Xn = X(pn,pn+1) for n ∈ N, and σn be a shift transformation on Ωpn+pn+1−1
restricted to Xn. This family fulfills the assumptions of Theorem 5.3 so the product
system has the two-sided limit shadowing property. It is easy to see that the product
system F = σ1× σ2× . . . on X =
∏∞
n=1Xn also has the specification property, but
this specification property is not periodic, since there are no periodic points for F
in X. Hence we obtain our last result.
5.4. Corollary. There exists a homeomorphism with the two-sided limit shadowing
property but without the periodic specification property.
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